Abstract In this paper we have analyzed the stability and Hopf-bifurcation behaviors of a multi-delayed two-species competitive system affected by toxic substances with imprecise biological parameters. We have exercised a method to handle these imprecise biological parameters by using parametric form of interval numbers. We have studied the feasibility of various equilibrium points and their stability. In case of toxic stimulatory system, the delay model exhibits a stable limit cycle oscillation due to variation in the delay parameters which lead to Hopf-bifurcation. Numerical simulations with a hypothetical set of data have been done to support the analytical findings.
Introduction
Environmental pollution has emerged with it adversities to the modern civilization dwarfing the advantages to such a great extent of technological achievements. Since, industrialization contributes a lot to the economy of a nation, a massive resource is being invested in national industrialization. As a consequence, the industrial discharges contribute to a huge amount of contamination to the both aquatic and terrestrial environmental components (Jensen and Marshall 1982; Nelson 1970) . A large amount of toxicant in the discharge makes it very difficult for that much species to exist on this earth. The poison inclines in the discharges, as a consequence, compels many species to go into extinction. Therefore, a circumstantial query is needed to put into the nature and activity of the discharged particles to combat with the situation and to our environment from these toxicant.
Mathematical models, here, can play a vital role to measure and minimize the aggression of the toxic elements in the environment and draw a sustainable atmosphere. The deterministic dynamic models with the effect of toxic substances on various ecosystems is studied by Hallam et al. (1983a, b) , Hallam and Luna (1984) , Luna and Hallam (1987) , Freedman and Shukla (1991) , Ghosh et al. (2002) , He and Wang (2007) , Das et al. (2009) and many others. Researchers, in course of their study over the effect and nature of the toxic elements come to an important observation that the enhanced population of one species might affect or control the growth of another or several other species through the production of allelopathic toxins or stimulants, thus influencing seasonal succession (Rice 1984) . Unicellular green alga, chlorella Vulgaris can control the growth of their population and inhibit the growth of planktonic algae Asterionella formosa and Nitzschia frustrum (Bacillareae) with the toxin produced by themselves (Pratt 1940; Pratt and Fong 1940; Rice 1954) . Toxic inhibition of phytoplankton by other phytoplankton has been observed by several researchers. In addition to that, it is also observed that some of the algae produce auxin that enhances the stimulation towards the growth of the other algae (Anderson 1989) . These types of allelopathic stimulators and inhibitors play deciding role in moulding algal succession, blooms and pulses by creating or causing stimulated (inhibited) species to have a selective advantage or disadvantage in question of existence (Rice 1984; Berglund 1969) .
In reality, time delays occur in almost every ecological situation and assume to be most of the reasons of regular fluctuations on population biomass. Kuang (1993) mentions that animals must take time to digest their food before further activities and responses take place and hence any model of species dynamics without delays is an approximation at best. Therefore, time delays can be included in the mathematical population model due to various ways such as maturation time, capturing time and other reasons. Moreover, existence of time delays is frequently a source of instability in some way. To make a more realistic biological model, many researchers Celik 2008; Gopalsamy 1992; MacDonald 1989; Xua et al. 2009; Liu 1994; Chen et al. 2007; Song et al. 2004 ) have incorporated time delay in their respective models.
Several researchers in theoretical ecology have considered their models based on the assumption that the biological parameters are precisely known. But in reality, the values of all the biological parameters can not be determined precisely for the lack of information and data, mistakes in the measurement process and determining the initial conditions. To overcome these difficulties in the field of mathematical biology, imprecise model is more realistic. Environmental fluctuations or imprecise biological phenomenon are the important causes of the impreciseness of the bio-mathematical model. There are many approaches to handle such models with imprecise parameters such as stochastic approach, fuzzy approach, fuzzy stochastic approach etc. In stochastic approach the imprecise parameters are replaced by random variables with known probability distributions. In fuzzy approach the imprecise parameters are replaced by fuzzy sets with known membership functions. In fuzzy stochastic approach some parameters are as fuzzy in nature and rest of the parameters are taken as random variables. However it is very difficult to draw a suitable membership function or a suitable probability distribution for each of the imprecise biological parameters. Recently researchers have introduced fuzzy models in prey-predator system such as Bassanezi et al. Bassanezi et al. (2000) , Peixoto et al. Peixoto et al. (2008) and Guo et al. Guo et al. (2003 ), etc. Pal et al. (2012 , (2014 , (2013 have considered an optimal harvesting prey-predator system with imprecise biological parameters and they have also discussed bio-economic equilibrium and optimal harvesting policy.
In this paper, we have introduced a multi-delayed two species competitive system which is affected by toxicant. To make the delay model more realistic, we have considered imprecise biological parameters as interval numbers. We present the interval numbers in parametric function form and study the parametric model Maynard-Smith (1975) . The dynamical behavior of the parametric model is investigated for several values of the parameter p 2 ½0; 1: In Sect. 2, we discuss some basic definitions on interval numbers. In Sect. 3, we represent mathematical form of two species competitive system with time delays. Section 4 briefly states the delayed two species competitive system with imprecise parameters. Then parametric form of the systems is formulated to study the different behaviors of the model. Section 5 deals with the equilibrium points of the systems, their existence and stability analysis. Our important analytical results are numerically verified in Sect. 6. Finally, Sect. 7 contains the general discussion of the paper.
Basic definitions
In this section we discuss some basic definitions of the interval number and interval-valued function which have been used to study the imprecise competition model. Definition 1 (Interval number) An interval number A is represented by closed interval ½a l ; a u and defined by A ¼ ½a l ; a u ¼ fx : a l x a u ; x 2 Rg, where R is the set of real numbers and a l , a u are the lower and upper limits of the interval number, respectively. So, every real number can also be presented by the interval number [a, a] , for all a 2 R. 
Basic mathematical model Maynard-Smith (1975) have considered a two species competing system:
with initial data
Here N 1 ðtÞ; N 2 ðtÞ denote the population biomass of two competing species at time t, having common food resources; K 1 ; K 2 ; a 1 ; a 2 ; b 12 ; b 21 ; c 1 ; c 2 are positive constants. Here K i is the intrinsic growth rate of species i, a i represents the interspecies competition coefficient of species i, b ij denotes the inter-species competition rate of jth species upon the ith species and c i denotes the toxic inhibition rate of the ith species ði 6 ¼ j; i; j ¼ 1; 2Þ. Samanta (2010) [ 0, then the model 1 represents toxic stimulated system. We assume that each species produces a substance toxic to the other, but only when the other is present. Further, it is also reasonable to assume such model where a toxic substance is produced to the competing species will not be instantaneous and takes discrete time lag which is regarded as maturity period of the species. Here we introduce the time lag s i ði ¼ 1; 2Þ for the maturity of the species N i ði ¼ 1; 2Þ. Then the system 1 reduces to
The initial condition for the model 2 takes the form N 1 ðhÞ ¼ w 1 ðhÞ ! 0; N 2 ðhÞ ¼ w 2 ðhÞ ! 0; h 2 ½À min fs 1 ; s 2 g; 0; w 1 ð0Þ [ 0; w 2 ð0Þ [ 0; ðw 1 ðhÞ; w 2 ðhÞÞ 2 ðCð½Às; 0;R þ Þ:
Positivity and boundedness of the delayed system
In theoretical ecology, positivity and boundedness of a system implies that the system is biologically well behaved. What we mean that for any system, it should have these restrictions (positivity and boundedness) as far as biological aspects are concerned. The following proposition ensures the positivity and boundedness of the delayed system 3.
Proposition 1 Each and every component of the solution of the delayed system 3 is positive and bounded for all t ! 0.
Proof Since the right hand side of the system 3 is completely continuous and locally Lipschitzian on C, the solution ðN 1 ðtÞ; N 2 ðtÞÞ of 3 exists and is unique on ½0; nÞ, where 0\n 6 1 (Hallam and Luna 1984) . From system 3, we have
Therefore, N 1 ðtÞ [ 0; N 2 ðtÞ [ 0 8 t > 0: Now we assume,
Then,
a 2 and
Applying a theorem on differential inequalities (Birkhoff and Rota 1982) , we obtain
e mt and for t ! 1;
Thus, entire solutions of the system 3 enter into the region
This proves the theorem. h
Imprecise competition model
All the parameters of the competition model 3 are positive and precise. But due to lack of proper information of the data, the parameters are not always precise. Now if any of the parameters K i ; a i ; b ij ; c i ði 6 ¼ j; i; j ¼ 1; 2Þ is imprecise, i.e., if any parameter is interval number rather than a single value, then it becomes difficult to convert the equation to the standard form and analyze the dynamical behavior of the system. For imprecise parameters, we present the system 3 with interval parameters as described below:
Competition model with interval parameters Case I: Toxic inhibition LetK i ;â i ;b ij ;ĉ i ði 6 ¼ j; i; j ¼ 1; 2Þ be the interval counterparts of K i ; a i ; b ij ; c i respectively. Then the imprecise competition delay model 3 becomes
Case II: Toxic stimulation 
Competition model with parametric interval parameters
For fixed m, we are considering the interval-valued function
m is a strictly increasing and continuous function, the system 4 and 5 can be written in the parametric form as follows: 
where p 2 ½0; 1.
Equilibria and local stability of the delayed system Toxic inhibition
The system 6 has four positive steady states, namely (i) E 0 ð0; 0Þ, the trivial equilibrium, (ii) E 1 ð N 1 ; 0Þ and E 2 ð0; N 2 Þ, the axial equilibrium, where 
for all p 2 ½0; 1: Then
exist with the conditions
The variational matrix of the system 6 at E 0 ð0; 0Þ is given by
Clearly, E 0 ð0; 0Þ is a unstable node. The variational matrix of the system 6 at E as the condition of existence of unique positive interior equilibrium of the system 6. Now to investigate the local stability of the interior equilibrium E Ã ðN Ã 1 ;N Ã 2 Þ, we linearize the system 6 by using transformation
Linearizing the system 6 at E Ã ðN Ã 1 ; N Ã 2 Þ and its corresponding characteristic equation is given by 
Let ixðx [ 0Þ be a root of the Eq. (21). Then we have,
This leads to
It follows that the Eq. (23) has no positive roots if the following conditions are satisfied:
Hence, all roots of the Eq. (23) will have negative real parts when s 2 2 ½0; 1Þ if conditions of the Theorem 2.1 and (24) are satisfied. Let 
If Theorem 2.1 and (26) 
þ 2 e B sin xs 2 þ 2 e C cos xs 2 ¼ 0;
We define,
À E 2 þ 2 e B sin xs 2 þ 2 e C cos xs 2 and assume that
Then it is easy to check that Fð0Þ\0 and Fð1Þ ¼ 1. Thus, (27) has finite positive roots x 1 ; x 2 ; . . .; x k . For every fixed x i ; i ¼ 1; 2; . . .; k, there exists a sequence fs
. . .g, where,
where,
i ¼ 1; 2; :::; k:
ji ¼ 1; 2; :::; k; j ¼ 1; 2; :::g. Define the function hðs 1 Þ 2 ½0; 2pÞ such that coshðs 1 Þ is given by the right-hand sides of the last equation. In the following, we assume that
Therefore, by the general Hopf bifurcation theorem, we have the following result on the stability and bifurcation of the system (6). Case 4 s 1 6 ¼ 0 but s 2 ¼ 0 Next, we assume that s 1 6 ¼ 0 but s 2 ¼ 0. The proof is similar to the Case 2 and we only summarize the results below.
Theorem 2.4 Assume Theorem 2.1 is satisfied, then the following conclusions hold:
hold, then the equilibrium E Ã ðN 
hold, there is a positive integer l such that the equilibrium is stable when s 1 2 ½0;s Finally, we assume that both the prey and predator are harvested selectively then s 1 6 ¼ 0 and s 2 6 ¼ 0. We consider Eq. (18) with s 1 in its stable interval and regard s 2 as a parameter. The proof is similar to the Case 3 and we only summarize the results below.
Theorem 2.5 For the system (6), suppose the parameters satisfy the conditions of the Theorem 2.1, (25) and (29) 
s ¼ 1; 2; . . .; q; t ¼ 1; 2; . . .
s ¼ 1; 2; . . .; q:
Toxic stimulation
In this case, we study the system (7), which is same as the system (6) unless in the last term, where the toxic inhibition rate c i ði ¼ 1; 2Þ are negative i.e., either species produces auxin which stimulate the growth of the other species. Here the local stability analysis of the system (7) remains same as in case I for the trivial and axial equilibrium points and so as the criteria for persistence of both the species. Now we study the local stability of the system (7) for the interior equilibrium point E0 Ã ðN
2 Þ which is also asymptotically stable.
Numerical Illustration
Analytical studies can never be completed without numerical verification of the results. In this section we present computer simulation of some solutions of the system (6) and (7). Beside verification of our analytical findings, these numerical solutions are very important from practical point of view. Let us consider a set of imprecise biological values of parameters as follows in appropriate units:K 1 ¼ ½1:5; 2:0;K 2 ¼ ½0:8; 1:2;â 1 ¼ ½0:04; 0:09;â 2 ¼ ½0:05; 0:1;b 12 ¼ ½0:03; 0:08;b 21 ¼ ½0:008; 0:03;ĉ 1 ¼ ½0:0006; 0:002;ĉ 2 ¼ ½0:002; 0:007 and p 2 ½0; 1. Also for the purpose of the execution of delayed system (6), we take a particular example when s 1 ¼ s 2 ¼ s (say), then we get the following numerical results:
Case I: Toxic inhibition Using the parametric form of interval numbers and assuming the initial condition ðN 1 ð0Þ; N 2 ð0ÞÞ ¼ ð1:0; 1:0Þ, we find the conditions given in (19) are satisfied, which imply that the unique interior equilibrium point E Ã ðN Ã 1 ; N Ã 2 Þ exist of the system (6) for all values of p 2 ½0; 1. From Table 1 we observe that for different values of the parameter p, the system (6) corresponds a unique positive equilibrium point which are locally asymptotically stable. We present the dynamics of the model for different values of p ðp ¼ 0:0; 0:3; 0:5; 0:8; 1:0Þ in Fig. 1a-e. These figures show that the interior equilibrium E Ã exist and asymptotically stable for all values of p 2 ½0; 1. But the values are different for different values of p. Figure 1f shows that both the species population decrease with increasing p, but N 1 species is decreasing rapidly where as N 2 species decreasing slowly. However, in this case, analytically we have already shown that the system is always stable for all s ! 0.
Case II: Toxic stimulation
Here also we consider the same parametric form of interval numbers and assuming the initial condition ðN (7) for all values of p 2 ½0; 1. Also when the delay value s ¼ 0, the condition (33) is satisfied and the interior equilibrium point E 0Ã is locally asymptotically stable. From Table 2 , we Figure 2f shows that both the species population decrease at more or less same rate with increasing p.
Finally we investigate the dynamical behavior of the system (7) numerically in the presence of time delay using the same data in Table 3 . Now depending on these values we obtain the critical values of the bifurcation parameter (time delay) s say s Ã given in Table 3 . For a particular value of p we get a definite critical value of the delay s Ã as shown in Table 3 . Now for a particular value of p, if value of s is below the critical value s Ã then Fig. 3a -e shows that the interior equilibrium point E 0Ã ðN
2 Þ is asymptotically stable and both the species converge to their steady states in finite time. Now if we gradually increase only the value of delay, the stability of the equilibrium point
2 Þ may switch over to periodic oscillation. As s passes through its critical value s Ã as per Table 3 , E 0Ã losses its stability as shown in Fig. 3a -e, which is the case of Hopf-bifurcation. Also from Fig. 4a-e 
Conclusion
In this paper, we have extensively studied a delayed two species competition model with the effect of toxic substances. The model is introduced from the modified LotkaVolterra type competition of two species which are affected by toxicant. These toxic substances may be toxic inhibitory or stimulatory to the other species, which are discussed comprehensively in our paper. Competition models are mostly based on the assumption that the biological parameters are precisely known. But in reality, it is very difficult to estimate the values of all biological parameters precisely. In this paper, we consider a two species competition model with delay in both species using some imprecise parameters.
Here we introduce the concept of interval numbers to the model by considering the biological parameterŝ K 1 ;K 2 ;â 1 ;â 2 ;b 12 ;b 21 ;ĉ 1 ;ĉ 2 which are imprecise in nature. We have used parametric functional form of the interval number to convert the imprecise competition model to the corresponding parametric competition delay model. Dynamical behavior of both the cases, toxic inhibitory and stimulatory model system are examined rigorously in absence as well as presence of time delay for different values of the parameter p 2 ½0; 1. We have discussed the existence and stability of various equilibrium points of both the systems. We obtain different equilibrium points of the species and the critical value of the time delay depending upon values of the parameter p. Analytically it is observed that the time delay does not affected the stability on the toxic inhibited system. But in case of toxic stimulatory system, it is observed that the system becomes unstable at different time delay for different value of the parameter p and leads to stable limit cycle periodic solutions through Hopf-bifurcation.
All our important mathematical findings for the dynamical behavior of the two species competition model affected by toxic substances are also numerically verified and graphical representation of a variety of solutions of system (6) and (7) are depicted by using MATLAB with some imprecise parameter values. These numerical results are very important to understand the system in both mathematical and ecological point of view. Finally, we conclude that impreciseness of biological parameters has great impact on the behavior of the delay model. We use the concept of interval number to present imprecise competition modeling, which makes the system more realistic as always it is difficult to know the parameter values precisely. Here we consider all the biological parameters are imprecise, except the delay parameters. The delay model can be made more realistic when incorporated with impreciseness in the delay terms, it makes the model more interesting and is left for future work.
